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ABSTRACT 
Human mortality and aging have frequently been modeled as stochastic 
diffusion processes. Estimates of the parameters of these processes have 
been made from various longitudinal studies. This paper shows how the 
stochasticity intrinsic to those processes will propagate through time 
and generate uncertainty about the future physiological state of the 
population. Variance expressions are derived for the future values of 
the physiological variables; and for the conditional survival functions 
and conditional life expectancies which reflect the uncertainty in the 
future values of the physiological variables. The results show that a 
major component of uncertainty is due to mortality. This suggests that ' 
the limits to forecasting may be different in physiological systems 
subject to systematic mortality than in physical systems such as weather. 

I. INTRODUCTION 
I n  t h e  p h y s i c a l  s c i e n c e s ,  e s p e c i a l l y  i n  meteorology,  t h e r e  a r e  w e l l  
developed t h e o r i e s  about  t h e  limits t o  f o r e c a s t i n g  because of  t h e  propaga- 
t i o n  of u n c e r t a i n t y  i n  i n i t i a l  cond i t i ons  and because of t h e  s t o c h a s t i c i t y  
of t h e  p roces s  du r ing  t h e  f o r e c a s t  per iod .  Th i s  paper  examines a similar 
problem f o r  b i o l o g i c a l  systems and e s t a b l i s h e s  c e r t a i n  a n a l y t i c  r e s u l t s  
concerning t h e  limits on t h e  a b i l i t y  t o  f o r e c a s t  changes i n  h e a l t h  s t a t u s  
and m o r t a l i t y  rates i n  human popu la t ions .  To e s t a b l i s h  such  limits, one 
must f i r s t  s p e c i f y  t h e  form of t h e  p roces s  under  c o n s i d e r a t i o n  and t h e n ,  
f o r  t h e  s p e c i f i c  p roces s ,  determine how u n c e r t a i n t y  ( i . e . ,  t h e  v a r i a n c e  
of t h e  f o r e c a s t e d  q u a n t i t y )  i n c r e a s e s  w i t h  t ime. 
The development of  o u r  a n a l y t i c  model proceeds a long  d i f f e r e n t  ave- 
nues than  o t h e r  i n v e s t i g a t i o n s .  For example, Matis and Wehrly (1979) de- 
veloped expres s ions  f o r  t h e  v a r i a n c e s  of c e r t a i n  c o n d i t i o n a l  parameters  i n  
s t o c h a s t i c  compartmental systems (e .g . ,  t h e  c o n d i t i o n a l  s u r v i v a l  p robab i l -  
i t y )  based upon models which inc luded  v a r i o u s  combinat ions of e f f e c t s  due 
t o  f o u r  d i s t i n c t  c l a s s e s  of s t o c h a s t i c i t y .  Two of t h e s e  c l a s s e s  (Rl ,  R2) 
of s t o c h a s t i c i t y  r e f e r r e d  t o  random changes a , )  i n  i n i t i a l  v a l u e s ,  o r  b . )  
i n  hazard r a t e s ,  between r e p l i c a t i o n s  of an e n t i r e  experiment (popu la t ion ) .  
However, we wish t o  focus  on a s i n g l e  popu la t ion  (exper iment ) ,  and w i l l  
n o t  pursue  t h i s  type  of s t o c h a s t i c i t y .  Two o t h e r  c l a s s e s  ( P l ,  P2) of 
s t o c h a s t i c i t y  r e f e r r e d  t o  random e f f e c t s  a . )  due t o  d i s c r e t e  numbers of 
p a r t i c l e s  i n  t h e  system o r  b . )  due t o  random r a t e  c o e f f i c i e n t s  of t h e  
p a r t i c l e s .  I n  t h e  l i m i t ,  as t h e  sample s i z e  t ends  t o  i n f i n i t y  t h e  P2- 
s t o c h a s t i c i t y  g i v e s  r i s e  t o  a  cont inuous d i s t r i b u t i o n  which is  isomorphic 
t o  t h e  f i x e d  f r a i l t y  model p re sen ted  i n  Vaupel e t  a l .  (1979) and i n  Manton 
and S t a l l a r d  (1980, 1981, 1984a ,b) .  Matis and Wehrly (1979) noted  t h i s  
p o i n t  and suggested t h a t  t h e i r  system could be extended t o  i n c l u d e  a  c l a s s  
of s t o c h a s t i c  models w i t h  random d i f f e r e n t i a l  equa t ions ,  but  they  d i d  n o t  
pursue t h i s  avenue. 
Th is  paper  cons ide r s  t h e  c l a s s  of s t o c h a s t i c i t y  due t o  s t o c h a s t i c  
d i f f e r e n t i a l  equa t i ons  f o r  t h e  p a r t i c u l a r  case  of m u l t i v a r i a t e  Gaussian 
d i f f u s i o n  processes  of t h e  type  def ined  i n  Woodbury and Manton (1977) and 
Yashin e t  a l .  (1985a).  For t h i s  s p e c i a l  c a se ,  i t  i s  shown t h a t  t h e s e  pro- 
c e s s e s  g i v e  rise t o  a form of P2 - s tochas t i c i t y  i n  which t h e  r a t e  c o e f f i -  
c i e n t s  a r e  random among p a r t i c l e s  bu t  f o r  which t h e  assumption o f  f i x e d  
f r a i l t y  i s  not made. Th i s  sugges t s  t h a t  t h e s e  new models w i l l  be more 
b i o l o g i c a l l y  r e a l i s t i c  t han  t h e  f i xed  f r a i l t y  models i n  two impor tan t  
a s p e c t s .  F i r s t ,  w e  know from c l i n i c a l  and ep idemio log ica l  evidence t h a t  
t h e  r i s k  of dea th  depends upon t h e  phys io log i ca l  s t a t e  of t h e  i nd iv idua l .  
Consequently, a s u b s t a n t i a l  component of t h e  unce r t a inzy  i n  t h e  r i s k  of 
d e a t h  w i l l  be due t o  t h e  e f f e c t s  of t h i s  phys io log i ca l  he t e rogene i t y .  
Second, w e  know t h a t  such p h y s i o l o g i c a l  v a r i a b l e s  evolve ove r  t i m e  i n  a  
manner t h a t  can be de sc r i bed  by a m u l t i v a r i a t e  d i f f u s i o n  process .  Thus, 
an a d d i t i o n a l  component o f  t h e  u n c e r t a i n t y  i n  t h e  r i s k  of  d e a t h  i n  ou r  
m o r t a l i t y  f o r e c a s t  w i l l  be due t o  t h e  e f f e c t s  of  d i f f u s i o n .  Thus, we 
need t o  determine t h e  va r i ance ,  and i ts  change over  t ime, of t h e  parameters  
of  a  c o n d i t i o n a l  l i f e  t a b l e  whose parameters  a r e  themselves f u n c t i o n s  of 
a  m u l t i v a r i a t e  d i f f u s i o n  process  i n  su rv iva l - r e l evan t  p h y s i o l o g i c a l  v a r i -  
a b l e s .  
The s t o c h a s t i c  p rocess  model w e  have s e l e c t e d  i s  due i n i t i a l l y  t o  
Woodbury and Manton (1977). Th i s  model d e s c r i b e s  t h e  e v o l u t i o n  of mor ta l -  
i t y  r i s k s  a s  a  two component p rocess  governed by t h e  Kolmogorov-Fokker- 
Planck equa t ion .  The s p e c i a l  case  of a  m u l t i v a r i a t e  Gaussian d i f f u s i o n  
process  can be descr ibed  by a . )  a  l i n e a r  au to r eg re s s ive  model of change 
i n  t h e  p h y s i o l o g i c a l  v a r i a b l e s ,  and b . )  a  q u a d r a t i c  f u n c t i o n  d e s c r i b i n g  
t h e  r e l a t i o n  of  t h e  hazard r a t e  t o  t h e  v a l u e s  of t h e  p h y s i o l o g i c a l  v a r i -  
ab les .  Th is  two component p rocess  and t h e  f u n c t i o n a l  forms s e l e c t e d  f o r  
each component ( i . e . ,  l i n e a r  dynamics and q u a d r a t i c  hazard dependency) have 
been found t o  d e s c r i b e  human p h y s i o l o g i c a l  change and m o r t a l i t y  i n  a  number 
o f  e p i d e m i o l o g i c a l  s t u d i e s  of c h r o n i c  d i s e a s e  (Manton and Woodbury,l983,1985; 
Manton e t  a l . ,  1985) .  For example, t h e r e  i s  c o n s i d e r a b l e  ep idemio log ica l  
ev idence  t o  sugges t  t h e  a p p r o p r i a t e n e s s  of t h e  q u a d r a t i c  hazard  f u n c t i o n  
f o r  t o t a l  m o r t a l i t y  (Tyro le r  e t  a l . ,  1984).  The q u a d r a t i c  hazard f u n c t i o n  
a l s o  i s  c o n s i s t e n t  w i t h  t h e  p h y s i o l o g i c a l  dynamics of s e v e r a l  g e n e r a l  
t h e o r i e s  of human a g i n g  and m o r t a l i t y  (Woodbury and Manton, 1977,1383a,b) .  
Yashin et  a l .  (1985a) cons idered  t h i s  s t o c h a s t i c  p r o c e s s  model i n  
d e t a i l  and extended i t  t o  t h e  c a s e  where n o t  a l l  t h e  v a r i a b l e s  d e f i n i n g  
t h e  p h y s i o l o g i c a l  s tate r e l e v a n t  t o  s u r v i v a l  were measured. Yashin e t  a l .  
(1985b) cons idered  t h e  problem of  producing maximum l i k e l i h o o d  e s t i m a t e s  
f o r  pa ramete rs  when b o t h  observed and unobserved v a r i a b l e s  were assumed t o  
i n f l u e n c e  m o r t a l i t y  and p r e s e n t e d  a  maximum l i k e l i h o o d  e s t i m a t i o n  s t r a t e g y .  
T h i s  paper  c o n s i d e r s  t h e  s t o c h a s t i c i t y  o f  t h e  s u r v i v a l  curves  genera ted  by 
t h i s  p r o c e s s ;  shows t h a t  t h i s  i s  a form of P 2 - s t o c h a s t i c i t y  (Matis and 
Wehrly, 1979) i n  which t h e  m o r t a l i t y  r a t e s  a r e  random because  t h e y  a r e  
f u n c t i o n s  o f  a  s t o c h a s t i c  p r o c e s s ;  ana  d i s c u s s  c e r t a i n  l i m i t s  t o  f o r e c a s t -  
i n g  under such a  p r o c e s s .  
11. STOCHASTIC PROCESS MODEL 
We w i l l  t a k e  t h e  model of human m o r t a l i t y  developed by Woodbury and 
Manton ( 1 9  7  7 ,  1 9  8 3 a , b )  and extended by Yashin e t  a l .  (1985a) as t h e  
b a s i s  f o r  o u r  a n a l y s i s  of t h e  u n c e r t a i n t y  of f u t u r e  m o r t a l i t y  r a t e s .  T h i s  
model i s  composed of a  s t o c h a s t i c  p r o c e s s  w i t h  two d i s t i n c t  components. 
One component d e s c r i b e s  t h e  e v o l u t i o n  of t h e  p h y s i o l o g i c a l  s t a t u s  o f  s u r -  
v i v o r s .  The second component d e s c r i b e s  t h e  r i s k  o f  dea th  among persons  
w i t h  s p e c i f i c  p h y s i o l o g i c a l  c f i a rac te r i s t i c s .  The f i r s t  component can be  
de f ined  by s p e c i f y i n g  t h a t  t h e  change i n  Y t h e  s t o c h a s t i c  p rocess  d e s c r i b i n g  
t ' 
p h y s i o l o g i c a l  s t a t u s ,  s a t i s f i e s  t h e  fo l lowing  s t o c h a s t i c  d i f f e r e n t i a l  
e q u a t i o n  ,. 
dYt - [ a o ( t )  + a l ( t )  y t ]dt  + b(t )dNt  , 
where t 1 0 ,  W is k-dimensional Wiener p r o c e s s ,  Y is  an  n-dimensional 
t 0  
v e c t o r  o f  Gaussian random v a r i a b l e s  wi th  j o i n t  d i s t r i b u t i o n  N(m O ,  yo) ;  t h e  
e lements  of t h e  v e c t o r  a o ( t )  and t h e  m a t r i c e s  a  ( t )  and b ( t )  a r e  bounded 1 
f u n c t i o n s  of t ime.  
The second component can  be  d e f i n e d  by assuming t h a t  t h e  m o r t a l i t y  
r a t e  f o r  i n d i v i d u a l s  i n  each c o h o r t  i s  a nonnegat ive  d e f i n i t e  q u a d r a t i c  
f u n c t i o n  of the process  Y as f o l l o w s ,  t 
u ( t ,  Yt) = Y'  Q ( t )  Y t  + u o ( t )  . t (2)  
T h i s  f u n c t i o n  was c a l l e d  t h e  c o n d i t i o n a l  m o r t a l i t y  r a t e  i n  Yashin e t  a l .  
(1985a). The u n c o n d i t i o n a l  o r  observed m o r t a l i t y  r a t e  G( t )  is t h e  mathe- 
m a t i c a l  e x p e c t a t i o n  of ~ ( t ,  Y t ) ,  g i v e n  by 
where T  deno tes  time of d e a t h ,  where Y i s  d i s t r i b u t e d  as N ( m  
t t '  Yt) 9 and 
m and yt  a r e  t h e  s o l u t i o n s  of t h e  fo l lowing  o r d i n a r y  d i f f e r e n t i a l  equa- t 
t i o n s ,  
I f  t h e  pa ramete rs  a o ( t ) ,  a l ( t ) ,  b ( t ) ,  Q ( t )  and p ( t )  a r e  s p e c i f i e d  0  
a s  known f u n c t i o n s  of t ime ( o r  a r e  known c o n s t a n t s )  one can f o r e c a s t  
f u t u r e  m o r t a l i t y  s imply u s i n g  Eqs. ( 3 ) ,  ( 4 ) ,  and ( 5 ) .  These f o r e c a s t i n g  
e q u a t i o n s  can produce p r o j e c t e d  t r a j e c t o r i e s  f o r  t h e  s u r v i v a l  p r o b a b i l i t y  
and t h e  pa ramete rs  o f  t h e  d i s t r i b u t i o n  N(m y  ) of s u r v i v o r s .  However, t '  t 
t h e s e  e q u a t i o n s  s a y  n o t h i n g  abou t  t h e  v a r i a b i l i t y  of t h e  c o n d i t i o n a l  
m o r t a l i t y  r a t e s ,  nor  of t h e  t r a j e c t o r i e s  of t h e  c o n d i t i o n a l  s u r v i v a l  
p r o b a b i l i t i e s .  I n  t h e  fo l lowing  s e c t i o n  we d e r i v e  t h e  v a r i a n c e s  of t h e s e  
c o n d i t i o n a l  s u r v i v a l  q u a n t i t i e s .  
111. VARIANCE ESTIMATES FOR MORTALITY FORECASTS 
I n  o r d e r  t o  c h a r a c t e r i z e  t h e  u n c e r t a i n t y  of f u t u r e  m o r t a l i t y  r a t e s  
we need t o  d e r i v e  e s t i m a t e s  of t h e  v a r i a n c e  o f  c e r t a i n  f o r e c a s t e d  q u a n t i t i e s .  
I n  t h i s  s e c t i o n  we d e r i v e  e x p r e s s i o n s  f o r  t h e  v a r i a n c e  o f  t h e  c o n d i t i o n a l  
t 
m o r t a l i t y  r a t e ,  p ( t ,  Yt) ,  t h e  c o n d i t i o n a l  s u r v i v a l  p r o b a b i l i t y ,  I l ( t ,  Yo), 
t 
and t h e  c o n d i t i o n a l  l i f e  expectancy,  e  (0 ,  Y;) , where Y = IYS  1 s r[0,  t] I de- 0  
n o t e s  t h e  e n t i r e  t r a j e c t o r y  of t h e  s t o c h a s t i c  p r o c e s s  over  t h e  i n t e r v a l  
[ o , t l .  
A. Variance of t h e  Condi t iona l  M o r t a l i t y  Rate 
By d e f i n i t i o n ,  a f o r e c a s t e d  f u t u r e  m o r t a l i t y  r a t e  r e f e r s  t o  m o r t a l i t y  
i n  t h e  subpopula t ion  of i n d i v i d u a l s  st i l l  a l i v e  a t  t h e  t a r g e t e d  t ime of t h e  
f o r e c a s t .  T h i s  means t h a t  t h e  v a r i a n c e  of t h e  f o r e c a s t e d  c o n d i t i o n a l  mor- 
t a l i t y  r a t e  a t  t ime t should be  c a l c u l a t e d  c o n d i t i o n a l l y  b o t h  on t h e  phy- 
s i o l o g i c a l  c h a r a c t e r i s t i c s  of t h e  p o p u l a t i o n  (Y ) and on t h e  e v e n t  ( T > t I  
t 
where T  i s  t h e  t ime  of death .  The c o n d i t i o n a l  Gaussian p r o p e r t y  of t h e  
d i s t r i b u t i o n  of t h e  p rocess  ( i . e . ,  Y s N(mt, y ) )  and t h e  q u a d r a t i c  de- t t 
pendence of p ( t ,  Y ) on Y a l l o w  us  t o  determine t h e  formula f o r  t h e  v a r i -  t t 
ance  of t h e  c o n d i t i o n a l  m o r t a l i t y  r a t e .  The r e s u l t s  can b e  formulated i n  
t h e  fo l lowing  theorem: 
Theorem: Let  t h e  c o n d i t i o n a l  m o r t a l i t y  r a t e  p ( t ,  Yt) depend upon 
t h e  p r o c e s s  Y as s p e c i f i e d  i n  e q u a t i o n  ( 2 ) .  Le t  V ( t )  denote  t h e  
t u 
c o n d i t i o n a l  v a r i a n c e  o f  p ( t  , Y ) given  {T>t 1. Then, 
t 
where mt and y s a t i s f y  Eqs. (4 )  and (5) .  t 
The proof  o f  t h i s  theorem i s  based on t h e  r e s u l t s  f o r  c a l c u l a t i n g  
t h e  v a r i a n c e  of t h e  q u a d r a t i c  form f o r  independent  random v a r i a b l e s  g iven  
by Seber (1977). T h i s  we g e n e r a l i z e d  t o  t h e  c a s e  where t h e  random v a r i -  
a b l e s  a r e  n o t  independent  b u t  can be t ransformed a s  i n d i c a t e d  i n  t h e  
Appendix. 
B. Variance and Covariance o f  t h e  Condi t iona l  S u r v i v a l  P r o b a b i l i t y  
We now c o n s i d e r  t h e  c a l c u l a t i o n  of t h e  v a r i a n c e  and c o v a r i a n c e  of 
t t h e  c o n d i t i o n a l  p r o b a b i l i t y  o f  s u r v i v a l .  Let  L ( t ,  Y) = I ( t ,  Yo) b e  t h e  
c o n d i t i o n a l  s u r v i v a l  f u n c t i o n ,  
and l e t  k ( t )  be  t h e  u n c o n d i t i o n a l  s u n r i v a l  f u n c t i o n ,  
e ( t )  = P ( T > ~ )  
where m and yU a r e  t h e  s o l u t i o n s  of t h e  d i f f e r e n t i a l  e q u a t i o n s  ( 4 )  and 
u  
( 5 ) .  Let  VII( t )  = CII( t ,  t )  deno te  t h e  v a r i a n c e  of L ( t  , Y) : 
= E [ l 2 ( t ,  Y) ]  - I12(t) ,  (9b) 
and l e t  C ( s , t )  deno te  t h e  covar iance  o f  L(s,Y) and L( t ,Y) .  Then f o r  
II 
where 
and where rn('.) and y(') a r e  t h e  s o l u t i o n s  of t h e  fo l lowing  o r d i n a r y  d i f f e r e n -  
U u  
t i a l  e q u a t i o n s  
C. Variance o f  t h e  Condi t iona l  L i f e  Expec tanc ies  
L i f e  expectancy a t  b i r t h  ( t ime t = 0)  can  be c a l c u l a t e d  e a s i l y  when 
t h e  age  ( t ime t )  s p e c i f i c  m o r t a l i t y  r a t e s  a r e  known. The c o n d i t i o n a l  l i f e  
expectancy e ( 0 ,  Y)- = e ( 0 ,  Ym) i s  t h e  average  s u r v i v a l  t ime  f o r  a  s p e c i f i c  0  
t r a j e c t o r y  of t h e  s t o c h a s t i c  p r o c e s s  Y o r  
t ' 
e ( 0 ,  Y) = 1 ( t ,  ~ ) d t .  (14) 
The average l i f e  expectancy at b i r t h  e ( 0 )  can  be c a l c u l a t e d  by t a k i n g  t h e  
mathemat ical  e x p e c t a t i o n  of t h e  e x p r e s s i o n  f o r  e ( 0 ,  Y): 
e(O> = Y)]  ( 1 5 4  
= 1; L ( t )  d t .  (15b) 
Let Ve(0) denote  t h e  v a r i a n c e  of e ( 0 ,  Y). Then 
Ve(0) = E [ ~ ' ( o ,  Y) ]  - c 2 ( 0 )  (16a) 
= 1; 1; c ~ ( s ,  t )  d s  d t .  (16b) 
D. L i f e  Table  Parameters  
The sequence o f  s u r v i v a l  f u n c t i o n  v a l u e s  L ( t ) ,  t ~ ( 0 , 1 , 2 ,  . . . I  may be 
used t o  form t h e  f o r e c a s t e d  cohor t  l i f e  t a b l e  u s i n g  t h e  fo l lowing  s t a n d a r d  
formulas  (Chiang , 1984) : 
Replacing L ( t )  i n  (17)-(21) w i th  L ( t ,  Y) r e s u l t s  i n  a  corresponding l i f e  
t a b l e  f o r  t h e  t r a j e c t o r y  ym wi th  parameters  d ( t ,Y)  , q ( t , Y ) ,  L ( t  , Y ) ,  T(t ,Y)  , 0 
and e ( t , Y )  whose expec t a t i ons  a r e  d ( t ) ,  q ( t ) ,  L ( t ) ,  T ( t ) ,  and e ( t ) ,  r e -  
s p e c t i v e l y ,  and whose v a r i a n c e s  a r e :  
Vd(t )  = VL(t)  + VL(t+ l )  - 2 C L ( t ,  t+1) (22) 
where CLT(t)  denotes  t h e  covar iance of L ( t ,  Y) and T ( t ,  Y) ,  g iven  by 
I V .  APPROXIMATIONS BASED ON A DISCRETE TTME MODEL 
C a l cu l a t i on  o f  t h e  l i f e  t a b l e  parameters  i n  (17)-(21) r e q u i r e s  on ly  
t h a t  we have t h e  c o r r e c t  v a l u e s  of 2 = L ( t ) ,  m t ,  and yt a t  i n t e g e r  v a l u e s  t 
of t. These may be e s t ima t ed  u s ing  t h e  d i s c r e t e  time form of t h e  model 
d e s c r i b e d  i n  Manton e t  a l .  (1985). I n  t h i s  form of t h e  model, t h e  con t in -  
uous t ime parameters  a  ( t )  , a l ( t ) ,  b ( t ) ,  Q ( t ) ,  and uO( t )  a r e  r ep l aced  w i th  0 
t h e  d i s c r e t e  t i m e  parameters  a a Z t  = b b ' ,  Q t ,  and p ' and Eqs. O t '  It' t t  O t '  
(1)  and (2) a r e  r ep l aced  by: 
"(Yt) = Y; Qt Y t  + U O t '  
Let  be t h e  mathemat ical  e x p e c t a t i o n  of u (Y ) .  Then 
t t t 
- 
u t  = E [ u ~ ( Y ~ )  l ~ > t l  (30a) 
= t r C ~  Y 1 + m; Q~ mt + "t. t t (30b) 
L e t  V be t h e  c o n d i t i o n a l  v a r i a n c e  of u t  (Y ) given  i ~ > t  I. Then, fo l lowing  
U t  t 












